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Abstract—Previously, the author made the following conjecture: if a ﬁnite group has two
semiproportional irreducible characters ϕ and ψ, then ϕ(1) = ψ(1). In the present paper, a
new conﬁrmation of the conjecture is obtained. Namely, the conjecture is veriﬁed for symplectic
groups Sp4(q) and PSp4(q).
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INTRODUCTION
Irreducible characters ϕ and ψ of a ﬁnite group G are called semiproportional if they are not
proportional and, for some normal subset D from G, the restrictions of ϕ and ψ to D and their
restrictions to G \D are proportional. Earlier, the author obtained a complete description of all
pairs of semiproportional irreducible characters (in other terms, of small D-blocks [1]) in sporadic
simple groups [2]; in groups L2(q), SL2(q), PGL2(q), and GL2(q) [3]; in groups PGL3(q), GL3(q),
PGU3(q), and GU3(q) [4]; in groups L3(q), SL3(q), U3(q), and SU3(q) [5]; and in groups Sp4(q) for
even q [6]. The following conjecture was proposed in [3].
Conjecture (on semiproportional characters). If a ﬁnite group G has two semiproportional
irreducible characters ϕ and ψ, then ϕ(1) = ψ(1).
The conjecture was conﬁrmed for all the groups listed above. Some properties of an arbitrary
group with a pair of semiproportional irreducible characters were studied in [7]. In [6], it was proved
that simple groups Sp4(q) for even q have no pairs of semiproportional irreducible characters and,
in particular, the conjecture is true for these groups. Now, we will prove the conjecture for groups
Sp4(q) for odd q.
Theorem. Let G = Sp4(q), where q is odd. Then,
(1) The conjecture is true for the group G.
(2) If ϕ and ψ are semiproportional irreducible characters of the group G, then, in terms of its
character table (see Section 2), {ϕ,ψ} is contained either in Xi for i ∈ {1, . . . , 13} or in one of the
sets Ξs and Ξ′s for s ∈ {1, 3, 21, 22, 41, 42}.
1Institute of Mathematics and Mechanics, Ural Branch of the Russian Academy of Sciences, ul. S. Kovalevskoi 16,
Yekaterinburg, 620990 Russia; Institute of Radioelectronics and Informational Technologies, Ural Federal
University, ul. Mira 19, Yekaterinburg, 620002 Russia
email: belonogov@imm.uran.ru
S6
SEMIPROPORTIONAL CHARACTER CONJECTURE S7
This theorem and [6] immediately imply the following statement.
Corollary. The conjecture is true for groups Sp4(q) and PSp4(q) for any q.
Statement (2) of the theorem will be essentially used for describing pairs of semiproportional
irreducible characters of groups Sp4(q) and PSp4(q) for odd q; we intend to give this description in
the next paper.
We prove the theorem by analyzing character tables of the groups under consideration, which
were obtained by Srinivasan [8]; we take into account the corrections made by Przygocki [9]. These
tables are given in Section 2 in a more convenient form.
Notation. Cl (G) is the set of all classes of conjugate elements of the group G, gG is the class of
conjugate elements of the group G that contains the element g from G, classes of conjugate elements
of a group will be called simply classes of the group, Irr(G) is the set of all irreducible characters
of G, ∪˙ is a sign for the union of pairwise nonintersecting sets, Z is the set of all integers, ̂Z is the
set of all algebraic integers, and A := B (read: A is B by deﬁnition) means that A denotes B.
1. PRELIMINARY RESULTS
Proposition 1.1 (follows from [1, Theorem 8Z3]). Let ϕ and ψ be semiproportional irreducible
characters of a group G, and let g1, g2 ∈ G. Then,
(1) ϕ(g) = 0 ⇐⇒ ψ(g) = 0 for all g ∈ G;
(2) if ϕ(g1) and ϕ(g2) are not zeros, then
ϕ(gi)
ψ(gi)
∈
{ϕ(1)
ψ(1)
,−ψ(1)
ϕ(1)
}
(i ∈ {1, 2}) and, in
particular, either
ϕ(g1)
ψ(g1)
=
ϕ(g2)
ψ(g2)
or
ϕ(g1)
ψ(g1)
ϕ(g2)
ψ(g2)
= −1;
(3) if |ϕ(g1)| = |ψ(g1)| = 0, then ϕ(g) = ±ψ(g) for all g ∈ G (in particular, ϕ(1) = ψ(1)).
Proposition 1.2 [7, Corollary of Lemma 2.1]. If ϕ and ψ are semiproportional irreducible
characters of a group G and G has an element g such that ϕ(g) or ψ(g) is invertible in ̂Z (for
example, if |ϕ(g)| = 1 or |ψ(g)| = 1), then one of the numbers ϕ(1) and ψ(1) divides the other.
2. CLASSES AND CHARACTERS OF GROUPS Sp4(q) WITH ODD q
Let G = Sp4(q), where q is odd. Then, G is a group of order q4(q4 − 1)(q2 − 1), Z(G) = 〈z〉 is
a group of order 2, and G/Z(G) = PSp4(q) is a simple group. By deﬁnition, G = {g ∈ GL4(q) |
tgAg = A}, where tg is the transpose of the matrix g and
A =
⎛
⎜
⎜
⎜
⎝
0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0
⎞
⎟
⎟
⎟
⎠
.
The character table X(G) of the group G was obtained by Srinivasan in [8]. It is given below in
Tables A, B1, B2, C, D, A′, B1′, B2′, C′, and D′ with the corrections made by Przygocki [9]. The
table X(G) contains two auxiliary rows and, then, 32 indexed rows, which consist of values of several
characters speciﬁed in the second column of the table. Similarly, after two auxiliary columns, there
are 23 indexed columns, which consist of the values of irreducible characters on classes of conjugate
elements whose representatives are written in the second row.
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Elements of the character table are sums of roots of unity ζn := e
2πi
n (i is the imaginary unit) for
some natural n. The roots either are integers or are expressed in terms of the following numbers:
σ := ζq2−1 , αm := ζmq−1 + ζ
−m
q−1 = 2cos
2mπ
q − 1 ,
τ := ζq2+1 , βm := ζmq+1 + ζ
−m
q+1 = 2cos
2mπ
q + 1
,
t := (q − 1)/2 , ε := (−1)t , b := (−1− ε√εq)/2 , b∗ := (−1 + ε√εq)/2 ,
s(i, j) := (−1)i + (−1)j , d(i, j) := (−1)i − (−1)j .
For a more compact presentation of the tables, we write
q− := q − 1 and q+ := q + 1.
Note that αm = 0⇔ m = ((q − 1)/4)(2k + 1) and βm = 0 ⇔ m = ((q + 1)/4)(2k + 1) (k ∈ Z).
Classes of conjugate elements and irreducible characters of the group G depend on several
parameters, which are contained in the sets
T1 := {1, 2, . . . , (q − 3)/2}, T2 := {1, 2, . . . , (q − 1)/2}, R1 := {1, 2, . . . , (q2 − 1)/4},
and R2, where the latter set consists of (q − 1)2/4 positive integers i (starting from with 1) such
that the numbers σi, σ−i, σqi, and σ−qi are pairwise diﬀerent.
2.1. Classes of conjugate elements of the group G. We have Cl (G) = A ∪˙B ∪˙C ∪˙D,
where the sets A, B, C, and D are described below.
For any element g of the group G, denote by g′ the element gz in the case when (gz)G = gG. It is
clear that CG(g′) = CG(g). The classes gG and hG of the group G (g, h ∈ G) are called algebraically
conjugate if there exists a positive integer m such that m ≤ |G|, (m, |G|) = 1, and hG = (gm)G
(then, by [1, 2A14 and 2A15], for any χ ∈ Irr(G), χ(h) = χ(g)α, where α is an automorphism of
the ﬁeld Q(ζ|G|) that takes ζ|G| to (ζ|G|)m).
The set A consists of 14 classes of conjugate elements with representatives a1 = 1, a′1 = z, a21,
a′21, a22, a′22, a31, a′31, a32, a′32, a41, a′41, a42, and a′42. Among these classes, there are exactly
four (unordered) pairs of algebraically conjugate classes:
{a21G, a22G}, {a′21G, a′22G}, {a41G, a42G}, {a′41G, a′42G}. (2.1)
Here, |CG(a21)| = |CG(a22)| = 2q4(q2 − 1), |CG(a31)| = 2q3(q − 1), |CG(a32)| = 2q3(q + 1), and
|CG(a41)| = |CG(a42)| = 2q2.
The set B is deﬁned by the formula B = ∪˙ 9i=1 Bi, where
B1 = { b1(i)G | i ∈ R1} ( |B1| = |R1| = (q2 − 1)/4, |CG(b1(i))| = q2 + 1 ),
B2 = { b2(i)G | i ∈ R2} ( |B2| = |R2| = (q − 1)2/4, |CG(b2(i))| = q2 − 1 ),
B3 = { b3(i, j)G | i, j ∈ T1, i < j}
( |B3| = |{(i, j) ∈ T1 × T1 | i < j}| = (q − 3)(q − 5)/8, |CG(b3(i, j))| = (q − 1)2 ),
B4 = { b4(i, j)G | i, j ∈ T2, i < j}
( |B4| = |{(i, j) ∈ T2 × T2 | i < j}| = (q − 1)(q − 3)/8, |CG(b4(i, j))| = (q + 1)2 ),
B5 = { b5(i, j)G | i ∈ T2, j ∈ T1} ( |B5| = |T2 × T1| = (q − 1)(q − 3)/4, |CG(b5(i, j))| = q2 − 1 ),
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B6 = { b6(i)G | i ∈ T2} ( |B6| = |T2| = (q − 1)/2, |CG(b6(i))| = q(q + 1)(q2 − 1) ),
B7 = { b7(i)G | i ∈ T2} ( |B7| = |T2| = (q − 1)/2, |CG(b7(i))| = q(q + 1) ),
B8 = { b8(i)G | i ∈ T1} ( |B8| = |T1| = (q − 3)/2, |CG(b8(i))| = q(q − 1)(q2 − 1) ),
B9 = { b9(i)G | i ∈ T1} ( |B9| = |T1| = (q − 3)/2, |CG(b9(i))| = q(q − 1) ).
Further, C = C1 ∪˙C ′1 ∪˙C21 ∪˙C ′21 ∪˙C22 ∪˙C ′22 ∪˙C3 ∪˙C ′3 ∪˙C41 ∪˙C ′41 ∪˙C42 ∪˙C ′42, where
C1 = { c1(i)G | i ∈ T2}, C ′1 = { (c1(i)′)G | i ∈ T2}
( |C1| = |C ′1| = |T2| = (q − 1)/2, |CG(c1(i))| = |CG(c1(i)′)| = q(q + 1)(q2 − 1) ),
C21 = { c21(i)G | i ∈ T2} , C ′21 = { (c21(i)′)G | i ∈ T2}
( |C21| = |C ′21| = |T2| = (q − 1)/2, |CG(c21(i))| = |CG(c21(i)′)| = 2q(q + 1) ),
C22 = { c22(i)G | i ∈ T2} , C ′22 = { (c22(i)′)G | i ∈ T2}
( |C22| = |C ′22| = |T2| = (q − 1)/2, |CG(c22(i))| = |CG(c22(i)′)| = 2q(q + 1) ),
C3 = { c3(i)G | i ∈ T1} , C ′3 = { (c3(i)′)G | i ∈ T1}
( |C3)| = |C ′3)| = |T1| = (q − 1)/2, |CG(c3(i))| = |CG(c3(i)′)| = q(q − 1)(q2 − 1) ),
C41 = { c41(i)G | i ∈ T1} , C ′41 = { (c41(i)′)G | i ∈ T1}
( |C41| = |C ′41| = |T1|/2 = (q − 3)/2, |CG(c41(i))| = |CG(c41(i)′)| = 2q(q − 1) ),
C42 = { c42(i)G | i ∈ T1} , C ′42 = { (c42(i)′)G | i ∈ T1}
( |C42| = |C ′42| = |T1|/2 = (q − 3)/2, |CG(c42(i))| = |CG(c42(i)′)| = 2q(q − 1) ).
The set D consists of nine classes of conjugate elements with representatives d1, d21, d′21, d22,
d′22, d24, d31, d32, d33, and d34. Among these classes, there are exactly four pairs of algebraically
conjugate classes:
{d21G, d22G}, {d′21G, d′22G}, {d31G, d33G}, {d32G, d34G}. (2.2)
Here, |CG(d1)| = q2(q2 − 1)2, |CG(d21)| = |CG(d22)| = 2q2(q2 − 1), and |CG(d31)| = |CG(d32)| =
|CG(d33)| = |CG(d34)| = 4q2.
Remark 2.1. Representatives of algebraically conjugate classes of conjugate elements are
written in the same column, and this column contains the values of irreducible characters for only
one of them; the values of irreducible characters for the other class are obtained from their values
for the ﬁrst class by changing b for b∗ and b∗ for b (the values b and b∗ are given below).
Remark 2.2. Elements g and g′ are written in the same column, which contains only the
values of characters χ ∈ Irr(G) on g. To obtain the value χ(g′), one should take the entry in the
second column of the same row and set in it D = χ(g). (In the second column, we have D = χ(a1).)
2.2. Irreducible characters of the group G. Irr(G) = Θ ∪˙X ∪˙Ξ ∪˙Ξ′ ∪˙Φ, where
Θ := {θ0, θ1, . . . , θ13}, θ0 = 1G;
Φ := {ϕ1, . . . , ϕ9};
X := ∪˙ 9i=1 Xi, where Xi consists of characters of the form χ(k,l)i (for i ∈ {3, 4, 5}) or of the form
χ
(k)
i for certain k and l, which are speciﬁed in the character table;
Ξ := ∪˙ s∈SΞs and Ξ′ := ∪˙ s∈SΞ′s, where S := {1, 3, 21, 22, 41, 42} and the sets Ξs and Ξ′s consist
of characters ξ(k)s and ξ
′(k)
s , respectively, for the values k speciﬁed in the character table.
It is easy to see that
|Θ| = |A|;
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|Xi| = |Bi| for i ∈ {1, 2, . . . , 9} and, consequently, |X| = |B|;
|Ξi| = |Ξ′i| = |Ci| = |C ′i| for i ∈ {1, 3, 21, 22, 41, 42} and, consequently, |Ξ| = |Ξ′| = |C| = |C ′|;
|Φ| = |D|.
Among the characters θ1, . . . , θ13, ϕ1, . . . , ϕ9, there are exactly eight pairs of algebraically con-
jugate characters:
{θ1, θ2}, {θ3, θ4}, {θ5, θ6}, {θ7, θ8}, {ϕ1, ϕ2}, {ϕ3, ϕ4}, {ϕ5, ϕ6}, {ϕ7, ϕ8}. (2.3)
Among the characters from Ξ ∪ Ξ′, there are exactly the following pairs of algebraically conjugate
characters:
{ξ(k)21 , ξ(k)22 }, {ξ′(k)21 , ξ′(k)22 }, {ξ(k)41 , ξ(k)42 }, {ξ′(k)41 , ξ′(k)42 } for corresponding k. (2.4)
Remark 2.3. In the character table of the group G, algebraically conjugate characters are
given in the same row, which contains the value of only one character from each pair. The value
of the second character on any element g is obtained from the value of the ﬁrst character on g by
changing b for b∗ and b∗ for b.
3. PROOF OF THE THEOREM
Let us consider the character table X(G) of the group G (see Tables A–D′) using Propositions 1.1
and 1.2. The fact that (by statement (1) of Proposition 1.1) semiproportional irreducible characters
of the group have the same set of roots (zeros) will be used further without special mention.
Let ˜i and ̂j denote the row and column of the character table X(G) marked by the indices i
and j, respectively. If g ∈ G and χ(g) = c for all characters χ from the row˜i, then we write˜i(g) = c.
If the intersection of the row ˜i and column ̂j contains a speciﬁc number without parameters and
numbers b or b∗, then we call this number the value of ˜i on ̂j and denote it by ˜i(̂j).
Rows˜i and ˜j will be called semiproportional if some character from the row˜i is semiproportional
to some character from the row ˜j.
We will say that rows ˜i and ˜j do not have equal roots on an element g ∈ G if exactly one of
the values ˜i(g) and ˜j(g) is zero. By Statement (1) of Proposition 1.1, rows that do not have equal
roots on at least one element of the group are not semiproportional.
Assume that ψ and ϕ are semiproportional irreducible characters of the group G lying in
rows with indices m and n, respectively (consequently, m˜ is semiproportional to n˜). Contrary to
statement (2) of the theorem, let m = n.
First of all, note that {m,n} = {25, 26}, applying statement (2) of Proposition 1.1 for g1 = a1
and g2 = a31. Further, as seen from the tables, for any row s˜ diﬀerent from ˜25 and ˜26, there
exists an element g on which the characters of this row take the value ±1. Therefore, according to
Proposition 1.2,
one of the numbers ϕ(1) and ψ(1) divides the other. (3.1)
If ϕ(1) = ψ(1), then, as seen from the tables, the pair {m,n} is one of the pairs {8, 9}, {12, 15},
{16, 20}, {17, 21}, {18, 22}, {19, 23}, and {24, 27}. Then, according to statement (3) of Proposi-
tion 1.1, in each of these cases, ϕ(g) = ψ(g) for all g ∈ G. However, this equality is contradictory:
for g = a31 in the ﬁrst six cases and for g = a41 in the last case. Consequently, ψ(1) = ϕ(1); then,
by statement (3) of Proposition 1.1, a stronger assertion is true:
there is no element g in G such that |ϕ(g)| = |ψ(g)| = 0. (3.2)
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Table A. Character table of the group Sp4(q), q is odd
1 2 3 4 5 6
a1 a
′
1
a21, a
′
21,
a22, a′22
a31, a
′
31 a32, a
′
32
a41, a
′
41,
a42, a
′
42
1 θ0 1 D 1 1 1 1
2 θ1, θ2 q2(q2 + 1)/2 D −q2b 0 0 0
3 θ3, θ4 (q2 + 1)/2 D q+/2 + qb q+/2 −q−/2 −b∗
4 θ5, θ6 q2(q2 − 1)/2 −D q2b 0 0 0
5 θ7, θ8 (q2 − 1)/2 −D q−/2 + qb q−/2 −q+/2 b
6 θ9 qq+2/2 D qq+/2 q 0 0
7 θ10 qq−2/2 D −qq−/2 0 q 0
8 θ11 q(q2 + 1)/2 D −qq−/2 q 0 0
9 θ12 q(q2 + 1)/2 D qq+/2 0 q 0
10 θ13 q4 D 0 0 0 0
11
χ
(k)
1
( k ∈ R1 )
(q2 − 1)2 (−1)kD −(q2 − 1) −q− q+ 1
12
χ
(k)
2
( k ∈ R2 )
q4 − 1 (−1)kD q2 − 1 −q+ q− 1
13
χ
(k,l)
3
(k, l ∈ T1, k < l)
q+
2(q2 + 1) (−1)k+lD q+2 3q + 1 q+ 1
14
χ
(k,l)
4
(k, l ∈ T2, k < l)
q−2(q2 + 1) (−1)k+lD q−2 −q− 1− 3q 1
15
χ
(k,l)
5
(k ∈ T2, l ∈ T1)
q4 − 1 (−1)k+lD −(q2 + 1) q− −q+ −1
16
χ
(k)
6
(k ∈ T2)
q−(q2 + 1) D q− −1 2q − 1 −1
17
χ
(k)
7
(k ∈ T2)
qq−(q2 + 1) D qq− −q −q 0
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Table B1. Character table of the group Sp4(q), q is odd (continued)
7 8 9 10
b1(i)
(i ∈ R1)
b2(i)
(i ∈ R2)
b3(i, j)
(i, j ∈ T1, i < j)
b4(i, j)
(i, j ∈ T2, i < j)
1 θ0 1 1 1 1
2 θ1, θ2 0 (−1)i+1 (−1)i+j (−1)i+j
3 θ3, θ4 0 (−1)i (−1)i+j (−1)i+j
4 θ5, θ6 (−1)i 0 0 0
5 θ7, θ8 (−1)i+1 0 0 0
6 θ9 −1 0 2 0
7 θ10 1 0 0 −2
8 θ11 0 1 1 −1
9 θ12 0 −1 1 −1
10 θ13 1 −1 1 1
11 χ(k)1
τ ik + τ−ik+
+τqik + τ−qik
0 0 0
12 χ(k)2 0
−(σik + σ−i k+
+σqik + σ−qik)
0 0
13 χ(k,l)3 0 0 αikαjl + αilαjk 0
14 χ(k,l)4 0 0 0 βikβj l + βi lβjk
15 χ(k,l)5 0 0 0 0
16 χ(k)6 0 −βik 0 −βikβjk
17 χ(k)7 0 −βik 0 βikβjk
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Table B2. Character table of the group Sp4(q), q is odd (continued)
11 12 13 14 15
b5(i, j)
(i ∈ T2, j ∈ T1)
b6(i)
(i ∈ T2)
b7(i)
(i ∈ T2)
b8(i)
(i ∈ T1)
b9(i)
(i ∈ T1)
1 θ0 1 1 1 1 1
2 θ1, θ2 0 −q 0 q 0
3 θ3, θ4 0 1 1 1 1
4 θ5, θ6 (−1)i+j+1 0 0 0 0
5 θ7, θ8 (−1)i+j+1 0 0 0 0
6 θ9 0 0 0 q+ 1
7 θ10 0 q− −1 0 0
8 θ11 −1 q 0 1 1
9 θ12 1 −1 −1 q 0
10 θ13 −1 −q 0 q 0
11 χ(k)1 0 0 0 0 0
12 χ(k)2 0 −q+βik −βik q−αik −αik
13 χ(k,l)3 0 0 0 q+αikαil αikαil
14 χ(k,l)4 0 −q−βikβil βikβil 0 0
15 χ(k,l)5 −βikαjl 0 0 0 0
16 χ(k)6 0 −β2ik + q− −β2ik − 1 q− −1
17 χ(k)7 0 −qβ2ik − q− 1 q− −1
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Table C. Character table of the group Sp4(q), q is odd (continued)
16 17 18 19
c1(i), c1(i)′
(i ∈ T2)
c21(i), c21(i)′,
c22(i), c22(i)′
(i ∈ T2)
c3(i), c3(i)′
(i ∈ T1)
c41(i), c41(i)′,
c42(i), c42(i)′
(i ∈ T1)
1 θ0 1 1 1 1
2 θ1, θ2 (−1)i+1q−/2 (−1)i+1b (−1)iq+/2 (−1)i+1b
3 θ3, θ4 (−1)i+1q−/2 (−1)i+1b (−1)iq+/2 (−1)i+1b∗
4 θ5, θ6 (−1)i+1q+/2 (−1)ib (−1)iq−/2 (−1)ib
5 θ7, θ8 (−1)i+1q+/2 (−1)ib∗ (−1)iq−/2 (−1)ib
6 θ9 0 0 q+ 1
7 θ10 q− −1 0 0
8 θ11 −1 −1 q 0
9 θ12 q 0 1 1
10 θ13 −q 0 q 0
11 χ(k)1 0 0 0 0
12 χ(k)2 0 0 0 0
13 χ(k,l)3 0 0 q+(αik + αil) αik + αil
14 χ(k,l)4 −q−(βik + βil) βik + βil 0 0
15 χ(k,l)5 −q+βik −βik q−αil −αil
16 χ(k)6 q−βik −βik 0 0
17 χ(k)7 −q−βik βik 0 0
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Table D. Character table of the group Sp4(q), q is odd (continued)
20 21 22 23
d1
d21, d
′
21,
d22, d′22
d31, d33 d32, d34
1 θ0 1 1 1 1
2 θ1, θ2 (−1)tq −(−1)tqb 0 0
3 θ3, θ4 (−1)tq (−1)t(q+ + 2b)/2 (−1)t(b− b∗) 0
4 θ5, θ6 0 −(−1)tqb 0 0
5 θ7, θ8 0 (−1)t(q− − 2b)/2 0 (−1)t(b− b∗)
6 θ9 q+2/2 q+/2 q+/2 −q−/2
7 θ10 −q−2/2 q−/2 q−/2 −q+/2
8 θ11 (q2 − 1)/2 + q q−/2 −q−/2 q−/2
9 θ12 (1− q2)/2 + q q+/2 −q−/2 q+/2
10 θ13 q2 0 0 0
11
χ
(k)
1
( k ∈ R1 )
0 0 0 0
12
χ
(k)
2
( k ∈ R2 )
0 0 0 0
13
χ
(k,l)
3 (k < l,
k, l ∈ T1)
q+
2s(k, l) q+s(k, l) s(k, l) s(k, l)
14
χ
(k,l)
4 (k < l,
k, l ∈ T2)
q−2s(k, l) −q−s(k, l) s(k, l) s(k, l)
15
χ
(k,l)
5
(k ∈ T2, l ∈ T1)
(q2 − 1)s(k, l) −s(k, l)− qd(k, l) −s(k, l) −s(k, l)
16
χ
(k)
6
(k ∈ T2)
(−1)k+1q−2 (−1)kq− (−1)k+1 (−1)k+1
17
χ
(k)
7
(k ∈ T2)
(−1)kq−2 (−1)k+1q− (−1)k (−1)k
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Table A′. Character table of the group Sp4(q), q is odd (continued)
1 2 3 4 5 6
a1 a
′
1
a21, a
′
21,
a22, a′22
a31, a
′
31 a32, a
′
32
a41, a
′
41,
a42, a
′
42
18
χ
(k)
8
(k ∈ T1)
q+(q2 + 1) D q+ 2q + 1 1 1
19
χ
(k)
9
(k ∈ T1)
qq+(q2 + 1) D qq+ q q 0
20
ξ
(k)
1
(k ∈ T2)
q−(q2 + 1) (−1)kD −q2 + q− q− q− −1
21
ξ′(k)1
(k ∈ T2)
qq−(q2 + 1) (−1)kD −q 0 −2q 0
22
ξ
(k)
3
(k ∈ T1)
q+(q2 + 1) (−1)kD q2 + q+ q+ q+ 1
23
ξ′(k)3
(k ∈ T1)
qq+(q2 + 1) (−1)kD q 2q 0 0
24
ξ
(k)
21 , ξ
(k)
22
(k ∈ T2)
(q4 − 1)/2 (−1)k+tD −q+/2 + qq−b q−/2 −q+/2 b∗
25
ξ′(k)21 , ξ
′(k)
22
(k ∈ T2)
q−2(q2 + 1)/2 (−1)k+t+1D −q−/2− qq−b −q−/2 (1− 3q)/2 −b∗
26
ξ
(k)
41 , ξ
(k)
42
(k ∈ T1)
q+
2(q2 + 1)/2 (−1)k+tD q+/2− qq+b (3q + 1)/2 q+/2 −b
27
ξ′(k)41 , ξ
′(k)
42
(k ∈ T1)
(q4 − 1)/2 (−1)k+t+1D q−/2 + qq+b q−/2 −q+/2 b
28 ϕ1, ϕ2 q−(q2 + 1)/2 (−1)t+1D −q−2/2 + qb q−/2 q−/2 b
29 ϕ3, ϕ4 qq−(q2 + 1)/2 (−1)t+1D qq−/2 + q2b 0 −q 0
30 ϕ5, ϕ6 q+(q2 + 1)/2 (−1)tD q+2/2 + qb∗ q+/2 q+/2 −b
31 ϕ7, ϕ8 qq+(q2 + 1)/2 (−1)tD qq+/2 + q2b∗ q 0 0
32 ϕ9 q(q2 + 1) D q q q 0
Number of classes 1 1 4 2 2 4
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Table B1′. Character table of the group Sp4(q), q is odd (continued)
7 8 9 10
b1(i)
(i ∈ R1)
b2(i)
(i ∈ R2)
b3(i, j)
(i, j ∈ T1, i < j)
b4(i, j)
(i, j ∈ T2, i < j)
18 χ(k)8 0 αik αikαjk 0
19 χ(k)9 0 −αik αikαjk 0
20 ξ(k)1 0 0 0 −βik − βjk
21 ξ′(k)1 0 0 0 βik + βjk
22 ξ(k)3 0 0 αik + αjk 0
23 ξ′(k)3 0 0 αik + αjk 0
24 ξ(k)21 , ξ
(k)
22 0 0 0 0
25 ξ′(k)21 , ξ
′(k)
22 0 0 0 (−1)jβik + (−1)iβjk
26 ξ(k)41 , ξ
(k)
42 0 0 (−1)jαik + (−1)iαjk 0
27 ξ′(k)41 , ξ
′(k)
42 0 0 0 0
28 ϕ1, ϕ2 0 0 0 −s(i, j)
29 ϕ3, ϕ4 0 0 0 s(i, j)
30 ϕ5, ϕ6 0 0 s(i, j) 0
31 ϕ7, ϕ8 0 0 −s(i, j) 0
32 ϕ9 0 0 2(−1)i+j −2(−1)i+j
Number of classes (q2 − 1)/4 (q2 − 1)/4 (q − 3)(q − 5)/4 (q − 1)(q − 3)/4
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Table B2′. Character table of the group Sp4(q), q is odd (continued)
11 12 13 14 15
b5(i, j)
(i ∈ T2, j ∈ T1)
b6(i)
(i ∈ T2)
b7(i)
(i ∈ T2)
b8(i)
(i ∈ T1)
b9(i)
(i) ∈ T1)
18 χ(k)8 0 q+ 1 α2ik + q+ α2ik + 1
19 χ(k)9 0 −q+ −1 qα2ik + q+ 1
20 ξ(k)1 −βik q−βik −βik 0 0
21 ξ′(k)1 −βik −q−βik βik 0 0
22 ξ(k)3 αjk 0 0 q+αik αik
23 ξ′(k)3 −αjk 0 0 q+αik αik
24 ξ(k)21 , ξ
(k)
22 (−1)j+1βik 0 0 0 0
25 ξ′(k)21 , ξ
′(k)
22 0 (−1)i+1q−βik (−1)iβik 0 0
26 ξ(k)41 , ξ
(k)
42 0 0 0 (−1)iq+αik (−1)iαik
27 ξ′(k)41 , ξ
′(k)
42 (−1)i+1αjk 0 0 0 0
28 ϕ1, ϕ2 (−1)i+1 (−1)iq− (−1)i+1 0 0
29 ϕ3, ϕ4 (−1)i+1 (−1)i+1q− (−1)i 0 0
30 ϕ5, ϕ6 (−1)j 0 0 (−1)iq+ (−1)i
31 ϕ7, ϕ8 (−1)j+1 0 0 (−1)iq+ (−1)i
32 ϕ9 0 q− −1 q+ 1
Number of classes (q − 1)(q − 3)/4 (q − 1)/2 (q − 1)/2 (q − 3)/2 (q − 3)/2
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Table C′. Character table of the group Sp4(q), q is odd (continued)
16 17 18 19
c1(i), c1(i)′
(i ∈ T2)
c21(i), c21(i)′,
c22(i), c22(i)′
(i ∈ T2)
c3(i), c3(i)′
(i ∈ T1)
c41(i), c41(i)′,
c42(i), c42(i)′
(i ∈ T1)
18 χ(k)8 0 0 q+αik αik
19 χ(k)9 0 0 q+αik αik
20 ξ(k)1 q− − βik −βik − 1 q− −1
21 ξ′(k)1 −q− − qβik 1 q− −1
22 ξ(k)3 q+ 1 q+ + αik αik + 1
23 ξ′(k)3 −q+ −1 q+ + qαik 1
24 ξ(k)21 , ξ
(k)
22 −q+βik/2 βikb (−1)iq− (−1)i+1
25 ξ′(k)21 , ξ
′(k)
22 (−1)i+1q−−q−βik/2 (−1)i − βikb 0 0
26 ξ(k)41 , ξ
(k)
42 0 0 (−1)iq++q+αik/2 (−1)i−αikb
27 ξ′(k)41 , ξ
′(k)
42 (−1)i+1q+ (−1)i+1 q−αik/2 αikb
28 ϕ1, ϕ2 q−/2− (−1)i b∗ − (−1)i q−/2 b
29 ϕ3, ϕ4 −q−/2− (−1)iq −b∗ q−/2 b
30 ϕ5, ϕ6 q+/2 −b∗ q+/2 + (−1)i −b + (−1)i
31 ϕ7, ϕ8 −q+/2 b∗ q+/2 + (−1)iq −b
32 ϕ9 (−1)iq+ (−1)i+1 (−1)iq+ (−1)i
Number of classes q − 1 2(q − 1) q − 3 2(q − 3)
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Table D′. Character table of the group Sp4(q), q is odd (continued)
20 21 22 23
d1
d21, d
′
21,
d22, d′22
d31, d33 d32, d34
18
χ
(k)
8
(k ∈ T1)
(−1)kq+2 (−1)kq+ (−1)k (−1)k
19
χ
(k)
9
(k ∈ T1)
(−1)kq+2 (−1)kq+ (−1)k (−1)k
20
ξ
(k)
1
(k ∈ T2)
q−s(2, k) q − s(2, k) −s(2, k) −s(2, k)
21
ξ′(k)1
(k ∈ T2)
qq−s(2, k) (−1)k+1q 0 0
22
ξ
(k)
3
(k ∈ T1)
q+s(2, k) s(2, k) + q s(2, k) s(2, k)
23
ξ′(k)3
(k ∈ T1)
qq+s(2, k) (−1)kq 0 0
24
ξ
(k)
21 , ξ
(k)
22
(k ∈ T2)
(q2 − 1)s(k, t)/2 (−1)k+1q+/2− (−1)tq−b s(k, t)b (−1)kb + (−1)tb∗
25
ξ′(k)21 , ξ
′(k)
22
(k ∈ T2)
q−2d(k, t)/2 (−1)k+1q−/2− (−1)tq−b −d(k, t)b (−1)k+1b + (−1)tb∗
26
ξ
(k)
41 , ξ
(k)
42
(k ∈ T1)
q+
2s(k, t)/2 (−1)kq+/2− (−1)tq+b −s(k, t)b (−1)k+1b− (−1)tb∗
27
ξ′(k)41 , ξ
′(k)
42
(k ∈ T1)
−q−2d(k, t)/2 (−1)kq−/2− (−1)tq+b d(k, t)b (−1)kb− (−1)tb∗
28 ϕ1, ϕ2 q−d(2, t)/2 q−d(2, t)/2− q(−1)tb −d(2, t)/2 −d(2, t)/2
29 ϕ3, ϕ4 qq−d(2, t)/2 q−(−1)t − (−1)tb s(1, t)(b∗ − b)/2 s(2, t)(b− b∗)/2
30 ϕ5, ϕ6 q+s(2, t)/2 q+s(2, t)/2 + q(−1)tb∗ s(2, t)/2 s(2, t)/2
31 ϕ7, ϕ8 qq+s(2, t)/2 q+(−1)t/2 + (−1)tb∗ s(2, t)(b∗ − b)/2 d(2, t)(b∗ − b)/2
32 ϕ9 (−1)t(q2 + 1) (−1)t (−1)t (−1)t
Number of classes 1 4 2 2
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Deﬁne
X := {˜1,˜2, . . . , ˜32},
Y is the set of all rows s˜ such that any character lying in s˜ is not semiproportional to any
character from any other row ˜t (i.e., s˜ is not semiproportional to ˜t = s˜),
Z := X \ Y.
We must show that Z = ∅, i.e., that Y = X .
Since θ0 (= 1G) has no zero values in contrast to other irreducible characters, we have ˜1 ∈ Y.
Since θ13 is the only character with the value 0 in the third column (i.e., on a21), we have
˜10 ∈ Y.
Now, consider the rows from X \ {˜1, ˜13} that have the value 0 in the fourth column. These are
the rows ˜2, ˜4, ˜7, ˜9, ˜21, and ˜29. Consequently, they are not semiproportional to other rows. The
rows ˜2 and ˜4 do not have equal roots with ˜7, ˜9, ˜21, and ˜29 on a22 and do not have equal roots with
each other on b1(i). Hence, {˜2,˜4} ⊆ Y.
Among the rows ˜7, ˜9, ˜21, and ˜29, only ˜7 has a nonzero value in the seventh column; hence,
˜7 ∈ Y.
Among the rows ˜9, ˜21, and ˜29, only ˜9 has a nonzero value on ̂7; hence, ˜9 ∈ Y.
In addition, ˜21 and ˜29 are not semiproportional by statement (2) of Proposition 1.1 for g1 = a1
and g2 = a21 (here, ˜29(a1)/ ˜21(a1) = 1/2, but the ratios ϕ3(a21) ˜21/(a21) = −(q−/2 + qb) =
−(1 + εq√εq)/2 and ϕ4(a21)/ ˜21(a21) = −(q−/2 + qb∗) = −(1 − εq√εq)/2 are diﬀerent from 1/2
and −2). Hence, { ˜21, ˜29} ⊆ Y.
Thus,
˜1,˜2,˜4,˜7,˜9, ˜10, ˜21, ˜29 ∈ Y, (3.3)
and we will compare with each other only the remaining rows (they must contain the characters ϕ
and ψ).
Among the rows not mentioned in (3.3), only ˜6, ˜8, ˜23, and ˜31 have zero in the ﬁfth column.
Among them, only ˜6 has a nonzero value on b1(i), and only ˜8 has a nonzero value on b2(i); i.e.,
{˜6,˜8} ⊆ Y.
In addition, by statement (2) of Proposition 1.1, ˜23 and ˜31 are not semiproportional, which is
seen from the comparison of their values on a1 and a21 (here, ˜31(a1)/ ˜23(a1) = 1/2, but the ratios
ϕ7(a21)/ ˜23(a21) = q+/2 + qb∗ = (1 + εq
√
εq)/2 and ϕ8(a21)/ ˜23(a21) = q+/2 + qb = (1 − εq√εq)/2
are diﬀerent from 1/2 and −2). Therefore, { ˜23, ˜31} ⊆ Y.
Only ˜17, ˜19, and ˜32 have the ﬁrst zero value in the sixth column. Among them, only ˜32 has a
nonzero value in the ninth and tenth columns; consequently, ˜32 ∈ Y.
The degrees of the characters from ˜17 and ˜19 are diﬀerent, but their values on a32 are equal in
magnitude. By statement (3) of Proposition 1.1, these characters are not semiproportional; hence,
˜17, ˜19 ∈ Y.
Almost all of the rows not mentioned above have zero in the seventh column. Among them,
only ˜3 has nonzero values on classes from B2–B4 (i.e., in ̂8, ̂9, and ̂10). Consequently, ˜3 ∈ Y.
The characters from ˜5 and (possibly) some characters from ˜11 are the only characters that were
not mentioned above and have a nonzero value in the seventh column. Among them, only ˜5 has a
nonzero value on B5 (i.e., in ̂11), and, consequently, by (3.1), ˜5 ∈ Y.
Thus,
˜1– ˜10, ˜17, ˜19, ˜21, ˜23, ˜29, ˜31, ˜32 ∈ Y. (3.4)
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Table 1
s˜ ˜12 ˜13 ˜14 ˜15 ˜16 ˜18 ˜20 ˜22 ˜24 ˜25 ˜26 ˜27
s˜(1) Qq−q+ Qq2+ Qq
2
− Qq−q+ Qq− Qq+ Qq− Qq−q+ Qq−q+/2 Qq
2
−/2 Qq
2
+/2 Qq−q+/2
Table 2
(m˜, n˜) (˜12,˜24) (˜12,˜27) (˜13,˜26) (˜14,˜25) (˜15,˜24) (˜15,˜27)
m˜(1)/n˜(1) 2 2 2 2 2 2
m˜(a41)/n˜(a41) 1/b∗, 1/b 1/b, 1/b∗ −1/b,−1/b∗ −1/b∗,−1/b −1/b∗,−1/b −1/b,−1/b∗
(m˜, n˜) (˜24,˜20) (˜24,˜22) (˜25,˜20) (˜26,˜22) (˜27,˜20) (˜27,˜22)
m˜(1)/n˜(1) q+/2 q−/2 q−/2 q+/2 q+/2 q−/2
m˜(a41)/n˜(a41) −b∗, −b b∗, b b∗, b −b, −b∗ −b, −b∗ b , b∗
It remains to consider the rows ˜11– ˜16, ˜18, ˜20, ˜22, ˜24– ˜28, and ˜30. Among them, the degrees of
characters are not multiples of q2 + 1 only in ˜11, and, consequently, by statement (3.1), ˜11 ∈ Y.
In addition, the row ˜28 cannot have equal roots with any of the rows ˜12– ˜16, ˜18, ˜22, and ˜24– ˜30
(see the values on B5, B6, and B7), and ˜28 is not semiproportional to ˜20 by statement (2) of
Proposition 1.1 (consider the values on a1 and a41). Consequently, ˜28 ∈ Y.
Similarly, ˜30 cannot have equal roots with any of the rows ˜11– ˜16, ˜18, ˜20, and ˜24– ˜28 (see the
values on B5, B6, and B9), and ˜30 is not semiproportional to ˜22 by statement (2) of Proposition 1.1
(consider the values on a1 and a41). Consequently, ˜30 ∈ Y.
Thus,
˜1– ˜11, ˜17, ˜19, ˜21, ˜23, ˜28– ˜32 ∈ Y (3.5)
and X \ Y ⊆ { ˜12– ˜16, ˜18, ˜20, ˜22, ˜24– ˜27}. The rows ˜12– ˜16, ˜18, ˜20, and ˜22 have the values ±1 on a41,
and, consequently, by (3.2),
the rows ˜12– ˜16, ˜18, ˜20, and ˜22 are pairwise not semiproportional. (3.6)
In addition, the degrees of the characters from diﬀerent rows among ˜24, ˜25, ˜26, and ˜27 do not
divide each other pairwise (see Table 1). Consequently, by (3.1),
the rows ˜24, ˜25, ˜26, and ˜27 are pairwise not semiproportional. (3.7)
Let us write the degrees s˜(1) of characters from the rows s˜ in (3.6) and (3.7) (see Table 1; here,
Q := q2 + 1).
We can assume that ϕ ∈ m˜ with m ∈ {12, 13, 14, 15, 15, 18, 20, 22} and ψ ∈ n˜ with n ∈
{24, 25, 26, 27}. According to (3.1), up to the order, only the following pairs (m˜, n˜) (for m = n) are
possible (see Table 2).
It is seen from Table 2 that the number m˜(a41)/n˜(a41) in each of these 12 cases is diﬀerent both
from m˜(1)/n˜(1) and from −n˜(1)/m˜(1); however, this contradicts statement (2) of Proposition 1.1.
Thus, {ϕ,ψ} ⊆ ˜i, where i ∈ {1, . . . , 32}; i.e., m = n and, in particular, ϕ(1) = ψ(1), which
means the validity of statement (1) of the theorem.
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To prove statement (2), it remains to exclude some i in the previous sentence. More exactly, we
must show that {m,n} ⊆ ˜i, where 11 ≤ i ≤ 27. This is easily seen from the values of the characters
on c41(1) (if, for example, {ϕ,ψ} ⊆ ˜2, then ϕ(c41(1))/ψ(c41(1)) = b/b∗ ∈ {1,−1}).
The theorem is proved.
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